Different from phased-array radar, frequency diverse array (FDA) radar offers range-dependent beampattern and thus provides new application potentials. But there is a fundamental question: what estimation performance can achieve for an FDA radar? In this paper, we derive FDA radar Cramér-Rao lower bounds (CRLBs) for estimating direction, range (time delay), and velocity (Doppler shift). Two different data models including pre-and postmatched filtering are investigated separately. As the FDA radar has range-angle coupling, we use a simple transmit subaperturing strategy which divides the whole array into two subarrays, each uses a distinct frequency increment. Assuming temporally white Gaussian noise and linear frequency modulated transmit signal, extensive simulation examples are performed. When compared to conventional phased-array radar, FDA can yield better CRLBs for estimating the direction, range, and velocity. Moreover, the impacts of the element number and frequency increment are also analyzed. Simulation results show that the CRLBs decrease with the increase of the elements number and frequency increment.
Introduction
The main task of a radar is to detect the existence of targets and estimate their unknown parameters, for example, range, velocity, and direction of arrival (DOA) [1] [2] [3] [4] . All the elements in a phased-array antenna transmit the same signal at a fixed carrier frequency. By controlling the linear phase progression across elements, the beam can be steered to the desired direction precisely. But the beam steering is fixed in an angle for all the ranges and cannot mitigate undesirable range-dependent interferences. For this reason, the range and angle information of targets cannot be directly obtained for a conventional phased-array radar, which offers only the angle information. However, in some applications, it is desired that the beam pointing can be steerable to the range of interest.
Recently, frequency diverse array (FDA) is proposed in [5] [6] [7] as a method to achieve range-dependent beamforming, which can be used to suppress range-dependent interferences and clutter [8] or improve detection performance [9] . The most important difference of FDA antenna from a conventional phased-array antenna is that a small amount of frequency increment compared to the carrier frequency is used across the array elements. The periodicity of FDA beampattern in range, angle, and time is studied in [10] . In [11] , the FDA is investigated from a simulation perspective and a low-cost FDA is designed. The FDA using chirp (linear frequency modulation) waveforms with different starting frequencies is analyzed in [12] to characterize the associated range-dependent beampattern. The application of FDA in synthetic aperture radar (SAR) is investigated in [13, 14] . Additional studies to exploit the range-dependent beampattern characteristics have been reported in [15] .
FDA offers a range-angle-dependent beampattern, which is of great importance as this provides a potential for rangeangle localization of targets. Therefore, this paper considers a fundamental question: what estimation performance can be achieved for an FDA radar? Referring to conventional phased-array range radar, the Cramér-Rao lower bound 2 International Journal of Antennas and Propagation (CRLB) expressions for estimating velocity, direction, and Doppler shift are derived in [16, 17] . By assuming a narrowband signal model prior to matched filtering, the CRLBs for estimating the time delay, direction, and Doppler shift with a phased-array radar are detailed in [18, 19] . Furthermore, the CRLB for jointly estimating the attributes of a moving target using MIMO radar is derived in [20] [21] [22] .
Different from the above literatures, this paper derives the CRLBs for jointly estimating the range, direction, and Doppler shift with an FDA radar. Two typical data models, namely, pre-and postmatched filtering are analyzed separately for static and moving targets, respectively. Since the range and angle of targets cannot be estimated directly due to the range-angle coupling, we use a simple transmit subaperturing strategy for the FDA radar. This method divides the whole array elements into two subarrays; each uses a different frequency increment. In doing so, the range and angle of targets can be solely estimated. The corresponding CRLBs for estimating direction, range, and velocity are derived. Furthermore, the impacts of the elements number and frequency increment on the CRLBs are also investigated.
The rest of the paper is organized as follows. The FDA is briefly introduced in Section 2. In Section 3, we consider the data model after matched filtering and derive the CRLB expressions for estimating the range and direction. In order to decouple the range-angle coupling response, we divide the whole array into two subarrays. The corresponding CRLBs are derived. In Section 4, the data model prior to matched filtering is investigated and the CRLB expressions for estimating the direction, range, and Doppler shift are derived, where temporally white Gaussian noise and chirp pulse signal are assumed. Finally, extensive simulation results are provided in Section 5. This paper is concluded in Section 6.
Frequency Diverse Array (FDA)
In conventional phased-array radars, it is assumed that an identical waveform is radiated from each element, excluding the amplitudes and phases. Different from phased-array radars, FDA elements can be either excited by the same waveform or different waveforms. For simplicity and without loss of generality, we consider a uniform linear array (ULA) FDA and assume that the waveforms radiated from each antenna element are identical but with a frequency increment of Δ Hz. That is, the radiation frequency of the th element is
where 0 is the radar carrier frequency and is the number of the elements. Supposing a narrowband transmit signal and taking the first element as the reference for the array, the steering vector is given by the following equation [11] :
where is the direction, is the range, is the element spacing, is the speed of light, and is the transpose. Since 0 ≫ Δ and ≫ ( − 1) sin( ), in an amplitude sense an approximation can be taken by ignoring the phase term 2 ⋅ ( − 1) 2 Δ ⋅ sin( )/ because it has ignorable impacts. In this case, the steering vector can be simplified to
The FDA characteristics can be summarized as follows [7] [8] [9] [10] [11] [12] . (1) If the frequency offset Δ is fixed, the beam direction will vary as a function of the range ; that is, it is a range-dependent beam. (2) If the range is fixed, the beam direction will vary as a function of Δ . This means that the FDA is frequency-increment-dependent (3) If the frequency increment across the array is not applied (i.e., Δ = 0), the corresponding FDA is just a conventional ULA phased array.
CRLB with Signal Model after Matched Filtering

Data Models. Suppose that a target is located at ( , ).
After matched filtering, the baseband equivalent of the complex valued signals at the receiver can be expressed as
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where [⋅] is the expectation operator, H is the conjugate transpose, R n is the spatial noise covariance matrix, 2 is the noise power, and I is an × identity matrix. 
CRLBs of
where Re{⋅} is the real part of the signal, is the th element of , and the ( ) is [24] ( ) = ⃗ ( ) .
Under the signal model (4), the FDA FIM with respect to is expressed as
where SNR is the signal-to-noise ratio (SNR). Accordingly, the CRLB is
where −1 denotes the inverse matrix. In particular, when Δ = 0, it is simplified to
Proof. See Appendix A.
It can be easily proved that
That is to say, the FDA radar has better CRLB for angle estimation than phased-array radar. 
The corresponding CRLB is
Proof. See Appendix B.
Both Angle and Range Are
Unknown. In this case, the and CRLBs can be similarly determined as
Proof. See Appendix C.
When the target's range and angle are estimated jointly, the range and angle CRLBs will be significantly degraded due to the range-angle coupling (which will be further investigated in Section 5). Consequently the range and angle of targets cannot be estimated directly by a standard FDA radar. To overcome this problem, we present a transmit subaperturing method for the FDA radar.
CRLBs of Transmit Subaperturing FDA Radar.
To decouple the range and angle peaks and estimate both the range and angle of target, we divide the whole array into two equal subarrays [25, 26] . Suppose that the number of elements is ; each subarray has elements; namely, = 2 . The first subarray uses the frequency increment of Δ 1 , and the second subarray uses the frequency increment of Δ 2 , as shown in Figure 1 . The resulting system is referred to as transmit subaperturing FDA (TS-FDA) radar.
Taking the first element of the first subarray as the reference, the new steering vector can be represented as the following equation:
The corresponding FIM can be derived as
where
The angle and range CRLBs are the first two diagonal elements of the inverse of the FIM CRLB TS-FDA
where [⋅] , is the element at the th row and th column of the matrix.
CRLB with Signal Model prior to Matched Filtering
Data Models.
Unlike the first data model, the data model prior to matched filtering allows to estimate the Doppler shift (velocity). Suppose an -element antenna array receives a time delayed and Doppler-shifted echo of the transmitted signal ( ) exp( Ω ), where Ω is the center frequency. Knowing the time delay and Doppler shift Ω (assuming a target with constant radial velocity), the range and radial component of velocity can be determined by = /2 and V = Ω /(2Ω ). We denote the continuous-time signal
, where Δ is the sampling interval. Correspondingly, the time delay and Doppler shift in the sampled signal domain are = /Δ and = Ω ⋅ Δ , respectively [27] .
After converting to baseband and sampling, the received signal at time ⋅ Δ becomes
where is complex amplitude of the signal and n[ ] is the additive noise [28] . We assume that the snapshots taken at = 1, . . . , cover the whole of a coherent processing interval (CPI). Therefore, the time duration of the CPI is CPI = ⋅ Δ . Under the data model of (21) , the complex amplitude is assumed to be an unknown deterministic constant during the CPI. To model the Doppler effect with a frequency shift, the radial component of the target velocity needs to be much smaller than the propagation speed (i.e., V/ ≪ 1). Then the timebandwidth product of the complex envelope should be larger than 1. In addition, it is assumed that the propagation time of the signal across the array is much smaller than the reciprocal International Journal of Antennas and Propagation 5 of the signal bandwidth, which is the narrowband array assumption in array processing.
Define the vector of unknown target parameters as = [Re{ }, Imag{ }, , ]. Stacking all samples into a single vector, (21) can be rewritten as
where ⊗ denotes the Kronecker product,
The noise n is assumed to be zero-mean Gaussian, spatially and temporally correlated with spatiotemporal covariance [29] [
where C n is the temporal noise covariance matrix.
Under the above data model, the signal and noise parameters are disjoint and satisfy the space-time separability [30] .
CRLBs of Angle, Range, and Doppler Shift.
Suppose the received signal is completely covered by the observations = 1, . . . , and the sampling is dense (i.e., Δ → 0). The R n is assumed to be constant in the frequency band ∈ (−1/(2Δ ), 1/(2Δ )), where denotes the frequency in the continuous-time domain. The vector of Doppler shift and time delay in the continuous-time domain is defined as
For C n = I and R n = 2 I with I being an × identity matrix. We define the signal power ‖s‖ = ⃗ H ⃗ . The CRLBs expression for and follows from Appendix D as the following:
The terms 1,1 and 2,2 are proportional to the root mean squared (RMS) bandwidth and RMS duration of ( ), respectively. Note that the decoupling is a consequence of the assumed space-time separability of signal and noise models and the assumption of the complex amplitude as an unknown deterministic constant. In addition, since the signal and additive noise parameters are disjoint, the above CRLB expressions hold regardless of whether the spatiotemporal noise covariance C n ⊗ R n is known or unknown.
CRLBs When Chirp Pulse Signal Is Employed.
In this section, we derive the CRLB expressions for the range, Doppler shift, and direction estimation when ( ) is a chirp pulse signal with a large time-bandwidth product [31, 32] . It can be expressed as
where is the pulse repetition interval, is the number of chirp pulses, and 0 ( ) is expressed as [12] 
where 0 is the chirp pulse duration, is the chirp bandwidth, and ℎ( ) is the Heaviside step function.
Assume the time-bandwidth product of the pulse is 0 ⋅ ≫ 1. Using the signal given in (29) and (30) 
Specially, for the phased array (i.e., Δ = 0), the CRLB is
When only one pulse ( = 1) is used, the CRLB in (32) will be infinite because the model is not identifiable and the range and Doppler shift cannot be uniquely estimated [18] , since phase-array radar has no range identity capability. In contrast, (31) does not have such a problem.
According to the previous discussion, the angle and range of targets cannot be estimated jointly due to the range-angle coupling. Using the similar transmit subaperturing approach presented in Section 3 and steering vector b( , ) (15), the CRLBs of angle, range, and Doppler shift are derived as in the following equation: 
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Simulation and Verification
In this section, we consider several numerical examples that compare the CRLBs in different signal and noise models. Consider an X-band FDA radar with the carrier frequency 0 = 10GHz. We assume a ULA of elements used for transmitting. The array elements are spaced half of the wavelength apart from each other; namely, = /2. One target of interest is supposed to reflect a plane wave that impinges on the array from direction of angle = 30
∘ . Under the signal model after matched filtering, Figures  2 and 3 compare the CRLBs according to (9) and (13), respectively. It can be noticed that the CRLBs are improved when a larger number of elements are employed. However, it has no significant difference when different frequency increments are used. This is because
3 / ; thus the frequency increment has a small impact on the CRLBs. In [33] , a frequency offset selection strategy is derived to precisely steer the beam toward a fixed range with a desired angle. Figure 4 shows the CRLBs of angle and range when both the angle and range are unknown. The CRLBs are significantly degraded due to the range-angle coupling. Consequently the range and angle of targets cannot be estimated directly by the FDA radar. However, the CRLBs decrease as the increase of the number of elements and frequency increment still holds. Moreover, generally more elements mean that better CRLBs performance can be achieved for the FDA radar.
To overcome the problem that the range and angle of targets cannot be estimated directly by the FDA radar, we use the transmit subaperturing strategy on the transmit frequency increments. Figure 5 shows the corresponding CRLBs where = 32 is assumed. It can be noticed that, to obtain a lower CRLB, the Δ 1 and Δ 2 should have inverse signs; that is, one is passive and the other is negative. One reason is that, in this case, the FDA radar has a wider system bandwidth. Figure 6 shows the CRLBs of angle and range when = 20 is employed. It can be noticed that the CRLBs performance improves with the increase of the sensor number.
Under the data model prior to matched filtering, we suppose the following signal parameters: bandwidth = 10 MHz, repetition period = 1 ms, and pulse duration 0 = 250 s. In this case, the approximate expressions given in (31) are valid because the transmitted has a large time-bandwidth product ( 0 ⋅ = 2500 ≫ 1). Figure 7 shows the CRLBs for direction, range, and Doppler shift as a function of SNR. Note that, when SNR = −10dB and = 32 are employed, we can get CRLB FDA = 6.53 m and CRLB Ω Ω FDA = 13.6937 rad/s that corresponds to the CRLB for velocity is 3.27 cm/s (since V = Ω /(2Ω ) and Ω = 2 ). Since (Δ ) 2 ∑ =1 ( − 1) 4 / 2 ≪ 1, the frequency increment has a small impact on the CRLBs. In addition, observe that the CRLB for and is block-diagonal (see (32) ) and therefore decoupled; that is, CRLB FDA remains the same whether or not is known, and similarly, CRLB FDA is the same whether or not is known. The decoupling is a consequence of the assumed space-time separability of signal and noise models and the assumption of the complex amplitude as an unknown deterministic constant. Figure 8 shows that the CRLBs versus SNR for different combinations of Δ 1 and Δ 2 . Comparing Figures 8 and  7 , the CRLBs have been significantly improved. Likewise, comparing Figures 8 and 9 , the CRLBs performance improves as the number of elements increases. 
Conclusion
In this paper, we derive the CRLB to jointly estimate the attributes of a moving target using FDA radar and compute the corresponding CRLB expressions. First, we briefly introduce the FDA concept and make a summary on the FDA characteristics. Then, we consider two different data models, namely, pre-and postmatched filtering. Under different signal and noise models, we compute the CRLB expressions for estimating the range, direction, and Doppler shift. We demonstrate that the FDA radar beamforming is coupled in range and angle and that the target's range and angle cannot be estimated directly by the FDA radar. To overcome this problem, this paper proposes a transmit subaperturing strategy for the FDA radar. In doing so, the range and angle of targets are estimated from the transmit-receive beamforming output. Moreover, we also specialize the CRLB results to the case of temporally white noise and a chirp pulse signal. Extensive simulation results verify the correctness of the derived CRLBs. It is shown that the CRLBs decrease with the increase of the number of elements and frequency increment. The CRLBs can be further improved through three aspects: increasing the number of elements, enhancing the system bandwidth by employing a larger frequency increment, and using transmit subaperturing strategy with more subarrays.
Appendices
A. Derive the CRLB for Angle When Range Is Known
To derive the CRLB, we start with a well-known expression for the FIM under the data model in Section 3. We define the spatial noise covariance matrix as R n = 2 I and signal-tonoise ratio (SNR) as SNR = | 0 | 2 / 2 . Suppose the target range is known, the FIM of is
For a phased-array radar, there is ⃗ ( ) = 0 a( ). We then have
where, D = diag[0, 1, . . . , − 1] and
The FIM of the phased-array radar is phased-array
Similarly, for the FDA radar, there is ⃗ ( ) = 0 a( , ). The derivation of a( , ) with respect to is
(A.5) Accordingly, the FIM of for the FDA can be expressed as 
B. Derive the CRLB for Range When Angle Is Known
Under the data model in Section 3, when the direction is known, the parameter to be estimated is . The FIM of is
The derivation of a( , ) with respect to for FDA is
The FIM of is thus given by
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C. Derive the CRLB for Range and Angle
Under the data model in Section 3, both the angle and range are unknown. The range and angle of targets are estimated jointly. The FIM for parameters and can be expressed as
We then have
We can get 
D. General CRLB Results
Under the data model in Section 4, we derive the continuous CRLB expressions for temporally and spatially white noise and denote SNR = | | 2 ‖s‖/ 2 with ‖s‖ being the power. We also start with FIM:
where is the th element of and ( ) = ⃗ ( )/ . Consider
For clarity, we rewrite Fisher's information matrix I as
According to the matrix inversion lemma, the inverse matrix of I FDA is 
